Abstract: This work addresses the design of a robust hybrid observer for discrete-time switched linear systems subject to unknown inputs and modeling errors. The observer herein proposed is synthesized, for the case when the active mode is unknown and in the purpose of robust fault detection. We'll show that a suitable trade-off between the robustness to unknown inputs and sensitivity to faults can be obtained through a H ∞ performance index. The latter is optimized using an iterative LMI solution procedure. The efficiency of the proposed approach is illustrated by a numerical example.
INTRODUCTION
Many physical systems can be modelled as hybrid systems. These systems are the one involving continuous behaviour and discrete states. The time evolution of the continuous states is constrained by vector fields that change due to discrete events. Several works dealt with the design of control laws to improve the performances and guarantee the stability for many classes of Hybrid Dynamical Systems (HDS), see (Daafouz et al., 2002) and (Lin et al., 2007) and reference therein. However, when a fault occurs, the designed controllers become often inefficient. Thus, Fault Detection and Isolation (FDI) techniques should be implemented to safeguard the specified performances and to avoid the eventual shutdown or damage, (Bemporad et al., 1999) and (Coquempot et al., 2003) . Within this context, the increasing demands for the safety and reliability of HDS during the last years have stimulated the attention to the FDI techniques for HDS, see (Frisk et al., 2000) and (Klein et al., 2000) . Hence, several techniques such the state estimation and/or parameters estimation have been investigated to deal with FDI for linear HDS (Cocquempot et al., 2004) . However, even if several attempts to develop FDI techniques for HDS have been made, it seems that only few works treat the case of HDS characterized by modelling errors, noise measurements and external disturbances. In this context, a novel robust FDI strategy for uncertain linear discrete-time hybrid systems has been presented in (Wang et al., 2006) . The latter has the advantage to use an observer allowing the generation of residuals that are robust to disturbances and sensitive to faults. The proposed FDI strategy has been enlarged to uncertain nonlinear discrete-time hybrid systems in (Wang at al., 2007) by exploiting the results obtained by (Li et al., 2005) and (Balluchi et al., 2002) . One of the key issues related to a FDI system is concerned with its robustness. The latter involves two aspects: The first one, concerns the robustness to modelling errors and disturbances and the second one is related with the sensitivity to the faults that should be detected, see (Zhong et al., 2003) and (Guoa et al., 2009 ). Thus, a suitable trade-off between robustness and sensitivity is essential to guarantee a good performance of a FDI system. The aim of this work is to extend the results proposed in (Belkhiat et al., 2009 ) and (Belkhiat et al., 2010) to a class of discrete-time switched linear system. The observer herein proposed is synthesized for the task of robust fault detection without the knowledge of the active mode. For this task, the robust fault detection problem is considered as a standard H ∞ model matching one. This allows obtaining a suitable trade-off between the robustness to the unknown inputs and the sensitivity to faults. Moreover, in order to guarantee a good performance of the proposed fault detection approach, one uses an iterative procedure allowing the optimization of the above trade-off between. The paper is organized as follow: section 2 presents the considered class of HDS. Section 3, details the design of the proposed robust fault detection based-observer for linear switched systems. Finally, section 4 gives some numerical results illustrating the efficiency of the proposed approach.
DISCRETE-TIME SWITCHED LINEAR SYSTEM
The class of HDS considered in this paper is described as follows: 
Where s I is a set of tuple indicating which mode changes might occur in the switched system. Moreover and throughout this work, it is supposed that there are only a finite number of mode changes in finite time and all couples 
ROBUST FAULT DETECTION BASED-OBSERVER DESIGN
Let the observer for the system (1)-(2) be defined as:
Where ˆn x ∈ℜ and ˆp y ∈ℜ represent respectively the state and the output estimation vectors, r is the so-called residual signal.
( ) q k K and V are respectively the observer gain matrix 1 and the residual weighting matrix.
be the estimation error. Thus, when the system state evolves in the mode q and the observer in the mode q (i.e., the hybrid observer does not detect instantaneously the switching), both the dynamics of the observation error and the residual signal can be expressed as:
with:ˆˆˆˆ,
One can remark that the dynamics of the residual signal depend not only on f and d but also on the state x . Thus, the design of a Robust Fault Detection Observer (RFDO), which is one of the main objectives of this work, can be considered as a problem of deriving matrices ˆ,
are asymptotically stable. Nevertheless, in order to guarantee the convergence when jumps occur the estimated state should be also updated at the switching instants, see (Pettersson, 2005) . Finally, a trade-off between the sensitivity to the faults and the robustness regarding the disturbances 1 The index time ( ) k will be omitted in the next when there is no ambiguity.
and the modelling error should be obtained. These problems will be studied in the sequel of the paper. According to the superposition property, let us reformulate the dynamics of the residual as:
where:
, ,
Now, since the residual dynamic's is a sum of three additive independent components, as shown in (9), one can synthesise the robust observer by considering each component separately. Thus, in the next, we will provide some conditions, which ensure that x r is bounded and that guarantee the asymptotic stability of d r and f r as well as the robustness of the observer. In addition, the robustness of the RFDO can be guaranteed if the following conditions as satisfied for given scalars ˆ0 
Observer synthesis
Before the presentation of the main contribution, let us present some mathematical material needed in the text. Definition 1 (Juloski et al., 2003) :
is said to be bounded by
is said to be eventually bounded by max
Lemma 1 (Finsler's lemma) (Boyd et al., 1994) : Consider a vector n x ∈ℜ , and matrices
The following expressions are equivalent:
where R ⊥ is the orthogonal complement of R . (12)- (14) is satisfied: 1.
2.
( )ˆˆ,
3.
with:
the state of the hybrid observer is updated according to: Proof. According to (7) and (8) 
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Hence, equation (17) can be expressed in a matrix inequality form to guarantee the Lyapunov stability, as: , conditions (19) will be verified easily.
( )ˆˆˆ,
After that, (19) can be developed as: Using Lemma 1, the inequality (20) is equivalent to (21) and (22):
We can remark that:
Hence, we can keep only the inequality (22), which implicitly verify (21).
Due to the limitation of space the conditions (14) and (15) are not discussed here and more details can be founded in (Pettersson, 2005) and references therein.
We now need to prove that the error is eventually upper bounded in each mode by constant. Consider the quadratic constraint: 
Defining the bounded set S δ by:
, it follows that S δ is positively invariant i.e for 0 0
From (12) it follows that:
i.e. 
where q λ is a design parameter and ˆˆ
This condition allows using a LMI solver and prevents the observer gain q K from being infinitely large.
Observer's robustness
In this section, we will study separately the components d r and f r of the residual. Then, we will formulate the RFDO design problem as a model-matching one and solve it via an iterative LMI procedure. According to (7) and (8), the following relations yield:
Regarding the component d r , one proposes the use of Lemma 2 (bounded real lemma) to ensure the asymptotic stability of the system (29) and to reduce the impact of the unknown inputs vector. On the other hand, to deal with the component f r , we propose Lemma 3, which ensure the asymptotically stability of the system (30) and increase significantly the sensitivity of the residual signal to the faults. Lemma 2: Consider the switched linear system (1) and (2) with the observer (4)-(6), system (29) 
With:ˆˆˆˆT
Proof. According to (10), we can write:
V e e P e P = ≥ > be a Lyapunov function. Let us consider (
Now, at this stage of the paper, we can give the conditions ensuring both the convergence and the robustness of the synthesised observer. The final result can then be formulated as follow: Theorem 2: Consider the switched linear system (1) and (2) with the observer (4)-(6). The residual (8) is bounded and satisfies (10) and (11) if there exist matrices q 0 P > , q H and V and the scalars q σ , q ϖ and q κ such that LMIs (12), (13), (14), (28), (31) and (33) hold and the state of the hybrid observer is updated according to (15). Proof. Due to space limitation, only a sketch of the proof is given. In fact, by combining the results provided by theorem 1, Lemma 2 and Lemma 3, one easily proves the theorem 2.
Optimization of the trade-off between the robustness and the sensitivity
The results obtained until now allow synthesising the robust observer but they don't give the optimal tread-off between the robustness and the sensitivity. Thus we propose to introduce the performance index ˆî nfω γ β , which will be optimized using the following iterative procedure.
Step 1: Begin a loop with proper values of q γ and q β .
Step 2: Solve LMIs (12), (13), (14), (28) and (31) to find feasible solutions q P , q H and V .
Step 3: Set
and substitute the founded q P into LMIs (12), (13), (14), (28), (31) and (33) to find a feasible solution set of variables q H , V .
Step 4: Decrease q γ , increase q β and repeat the steps 2 and 3 until a feasible solution cannot be found.
Fault detection
The fault can be detected using the following criterion: To show the efficiency of the proposed approach, an unknown input d is assumed to be band-limited white noise with power 0.025 (sampling time 0.001s). The fault signal f is simulated as a pulse of 0.02 amplitude occurring in the mode one from 14s to 14.8s (and zero otherwise). The generated residual ( ) r k is illustrated in Fig 2, which shows that the residual converges to zero at time 4s. Then, it departs significantly from zero when the fault occurs. In addition, Fig 3 illustrates 
CONCLUSIONS
In this paper, a robust hybrid observer is designed for a large class of discrete-time switched linear systems. The objective is to use this observer for fault detection when the system is subject to unknown input and/or modelling error. The approach herein proposed is based on the use of some results of H ∞ theory to provide robust fault detection and consider the active mode is unknown. In addition, the robust fault detection problem is considered as a standard H ∞ model matching one. Then, a suitable trade-off between the robustness to the unknown inputs and the sensitivity to faults is obtained thanks to a H ∞ performance index. The latter is optimized using an iterative LMI solution procedure. Finally, an illustrative example shows the efficiency of the designed observer.
